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We revisit the chiral anomaly in the quantum kinetic theory in the Wigner function formalism
under the background field approximation. Our results show that the chiral anomaly is actually
from the Dirac sea or the vacuum contribution in the un-normal-ordered Wigner function. We also
demonstrate that this contribution modifies the chiral kinetic equation for antiparticles.
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I. INTRODUCTION
The chiral anomaly is a novel and prominent quantum
effect in particle physics and can only be understood in
the quantum field level. The kinetic theory is a bridge
to connect the macroscopic physical magnitude with the
microscopic particle motion in the classical phase space.
Hence it is a highly nontrivial task to incorporate the
chiral anomaly into the kinetic approach in a consistent
way so that the chiral kinetic theory is properly formu-
lated. In recent years, a considerable amount of work
on the chiral kinetic theory have been published where
the chiral kinetic equation has been derived from var-
ious methods such as the semiclassical approach [1–7],
the Wigner function formalism [8–13], the effective field
theory [14–17] and the world-line approach [18–20].
In these publications, most works connect the chiral
anomaly in the chiral kinetic theory with Berry’s phase
or Berry’s curvature. In contrast, it has also been pointed
out by Fujikawa and collaborators [21–23] that topolog-
ical effects due to Berry’s phase and the chiral anomaly
are basically different from each other. The Berry phase
arises only in the adiabatic limit while the chiral anomaly
is generic and independent of kinematic limits. This dis-
tinct difference has been further demonstrated by Mueller
and Venugopalan in [18, 19] where they found out that
the Berry’s phase arises from the real part of the world-
line effective action in a particular adiabatic limit while
the chiral anomaly is from the imaginary part. In [24],
Hidaka and collaborators performed the derivation of the
chiral anomaly by using the non-trivial boundary condi-
tion of distribution function. Recently, in our paper with
other collaborators [12], we found out that some singular
boundary terms also result in a new source term con-
tributing to the chiral anomaly, in contrast to the well-
known scenario of the Berry phase term.
It is clear that such a controversy situation needs to
be further clarified with a more fundamental approach.
In a very recent paper by Yee and Yi [25], the authors
try to clarify the relationship between the chiral anomaly
and the Chern number of the Berry connection via the
conventional Feynman diagram. In this paper, we try
to clarify this situation from the quantum transport the-
ory based on Wigner functions [26–29], a first princi-
ple approach from quantum field theory. To do this,
we will start with the basic Wigner equations and de-
rive the chiral anomaly step by step so that one can see
clearly where the contribution comes from. The results
obtained show that the Dirac sea or vacuum contribution
originated from the anti-commutation relations between
antiparticle field operators in un-normal-ordered Wigner
function can not be dropped casually. This unique term
that comes directly from the quantum field theory plays a
central role to generate the right chiral anomaly in quan-
tum kinetic theory both for massive and for massless
fermion systems. The coefficient of the chiral anomaly
derived this way is universal and is independent of the
phase space distribution function at zero momentum. We
will also present the updated chiral kinetic equation for
antiparticles with Dirac sea contribution.
The rest of the paper is organized as follows: In Sec.
II, we give a very brief review of the Wigner function
formalism of the relativistic quantum kinetic theory and
present especially those equations that will be used in de-
riving the chiral anomaly. In Sec. III, we derive the chiral
anomaly from Wigner equations and show in particular
that it is generated from the Dirac sea contribution. In
Sec. IV, we exhibit how the chiral kinetic equation is de-
rived from Wigner function formalism at chiral limit and
give the updated chiral kinetic equation for antiparticles
with Dirac sea contribution. At last, we summarize the
paper in Sec. VI.
II. THE WIGNER FUNCTION FORMALISM
We recall that the quantum kinetic theory based on
Wigner functions is a first principle approach from quan-
tum field theory. Here, the Wigner matrix W (x, p) is
the basic unit, and for spin-1/2 fermions, is defined as
the ensemble average of gauge invariant nonlocal bilinear
2Dirac spinor field,
Wαβ =
∫
d4y
(2π)4
e−ip·y〈ψ¯β(x+)U(x+, x−)ψα(x−)〉, (1)
where x± ≡ x±y/2 are two space-time points centered at
x with separation y, and U denotes the gauge link along
the straight line between x+ and x−,
U(x+, x−) ≡ e−i
∫ x+
x−
dzµAµ(z). (2)
Here we did not define the ensemble average with normal
ordering for the Dirac fields because the Wigner equation
(3) below derived from Dirac equation must be satisfied
by the Wigner function without normal ordering instead
of with normal ordering. Besides, we did not include
the path-ordering in the definition of gauge link above
since we restrict ourselves to background field approxi-
mation in this work. The electric charge has been ab-
sorbed into the gauge potential Aµ for brevity. Under
the background field approximation, we obtain the equa-
tion satisfied by the Wigner matrix from Dirac equation
as given by [28],
γµ(Π
µ +
i
2
Gµ −m)W (x, p) = 0, (3)
where γµ’s are Dirac matrices and m is the particle’s
mass. The operators Gµ and Πµ denote the non-local
generalizations of the space-time derivative ∂µx and the
momentum pµ,
Gµ ≡ ∂µx − j0(
1
2
~∆)Fµν∂pν , (4)
Πµ ≡ pµ − 1
2
~j1(
1
2
~∆)Fµν∂pν , (5)
where j0 and j1 are the zeroth and the first order spher-
ical Bessel functions, respectively. The triangle operator
is defined as ∆ ≡ ∂p · ∂x, in which ∂x acts only on the
field strength tensor Fµν but not on the Wigner function.
We emphasize once more that in the definition of the
Wigner function given by Eq. (1) and the Wigner equa-
tion given by Eq. (3) there is no normal ordering in the
Wigner matrix. We will illustrate that this point plays
a central role to give rise to the chiral anomaly in the
quantum kinetic theory. The Hamiltonian derivation of
the chiral anomaly from the physically correct normal
ordering can be found in [30].
The Wigner equation given by Eq. (3) is a matrix equa-
tion that actually include 32 equations for 16 independent
components in Wigner matrix. These 16 components are
classified as scalar F , pseudo-scalar P, vector Vµ, axial-
vector Aµ and tensor Sµν components according to the
Lorentz transformation. They are all real functions of x
and p defined by the Γ-matrix expansion of W (x, p), i.e.,
W =
1
4
(F + iγ5P + γµVµ + γ
5γµAµ +
1
2
σµνSµν). (6)
The chiral anomaly is a quantum effect that can be
studied using the semiclassical expansion in terms of ~n.
It has been shown that [31], for massive particles, up to
the first order of ~ in the expansion, we can choose F
and Aµ as independent dynamical Wigner functions and
sort the 32 Wigner equations as follows: Eleven of them
provide explicit expressions of other Wigner functions in
terms of F and Aµ,
P = − ~
2m
∇µAµ, (7)
Vµ =
pµ
m
F − ~
2m2
ǫµνρσ∇νpρA σ, (8)
Sµν = − 1
m
ǫµνρσp
ρA σ +
~
2m2
(∇µpν −∇νpµ)F , (9)
five of them give transport equations,
pµ∇µF = 1
2m
pµ∆F˜µνA
ν , (10)
pν∇νAµ = FµνA ν + 1
2m
pν∆F˜µνF , (11)
where ∇µ ≡ ∂µx − Fµν∂pν , ǫ0123 = 1, and F˜µν =
ǫµναβF
αβ/2; and another five provide mass shell equa-
tions with the following general solutions,
F = δ(p2 −m2)F + ~
m
F˜µνp
µAνδ′(p2 −m2), (12)
Aµ = δ(p
2 −m2)Aµ + ~
m
F˜µνp
νFδ′(p2 −m2), (13)
where F and Aµ are arbitrary functions that are non-
singular for on-shell momentum p2 = m2. They can be
taken as the fundamental functions replacing F and Aµ
in practice. Finally, there is another constraint equation
for the axial vector component Aµ,
pµAµ = 0. (14)
and all other 10 Wigner equations are satisfied automat-
ically thus are not needed to consider in practice.
We will now use these results to derive the chiral
anomaly in the following. Other work on quantum kinetic
theory for massive fermion can be found in Refs.[32–37].
III. THE CHIRAL ANOMALY
Using the results presented in Sec. II, we can calculate
the chiral anomaly to the first order in ~. In the following
of this section, we present the calculations step by step.
To do this, we start with the expression of P given by
Eq. (7). By inserting the general solution of the mass
shell equation for Aµ given by Eq. (13) into Eq.(7) and
integrating over the four-momentum p, we obtain the di-
vergence of the axial current j5µ as,
~∂µx j
5
µ = −2mj5 + ~X −
~
2
8π2
CFµν F˜µν , (15)
3where j5µ =
∫
d4pAµ, j5 =
∫
d4pP and
X = Fµλ
∫
d4p∂pλ
[Aµδ (p2 −m2)] , (16)
C = −2π
2
m
∫
d4p ∂λp
[
pλFδ′
(
p2 −m2)] . (17)
Though the presence of m in the denominator in the ex-
pression of C given by Eq. (17), Eq. (15) in the chiral
limit m = 0 is finite because F ∝ m and the result turns
out to be identical to the one derived directly from the
chiral kinetic theory [8, 9, 12]. Therefore, Eq. (15) actu-
ally holds for both massive and massless fermions.
We now calculate these two coefficients X and C care-
fully to find out the source of the chiral anomaly by using
the solution of Aµ and F . First of all, it is easy to verify
that X vanishes if Aµ approaches zero rapidly at infinity
in momentum space. Such a result is obvious since the
chiral anomaly is quantum effect and should not exist in
the classical limit. This boundary condition seems rea-
sonable for Aµ from the result at zeroth order that can
be calculated directly from the free quantum field theory,
i.e.,
Aµ =


m
4π3 sµ(f
+ − f−), p0 > 0
m
4π3 sµ(f¯
+ − f¯−), p0 < 0.
(18)
where sµ is the spin polarization vector with s
2 = −1
and s · p = 0, and f± and f¯± are number densities in
the phase space for particles and antiparticles with spins
±sµ, respectively. They are defined as the ensemble av-
erages of the normal-ordered number density operators
and are expected to vanish at infinity in the phase space.
For Aµ, there is no non-trivial Dirac sea or vacuum con-
tribution from the anticommutator of the Dirac field.
The situation is however different for the coefficient C
where solution of the scalar function F is needed. Here
at the same level as Aµ given by Eq. (18), we have the
result from the free quantum field theory as,
F =


m
4π3 (f
+ + f−), p0 > 0
m
4π3 (f¯
+ + f¯− + 2f¯v), p0 < 0.
(19)
We see that, in contrast to the axial vector Aµ, there
exists a Dirac sea or vacuum contribution f¯v = −1 to the
scalar function F [38, 39]. This contribution originates
from the anticommutator of the antiparticle field in the
definition of Wigner function given by Eq. (1) without
normal ordering. It takes the value f¯v = −1 that is
universal and does not depend on the state of the system
that we are considering.
Now we show how the universal f¯v = −1 gives rise to
the universal coefficient C of the chiral anomaly in front
of Fµν F˜µν in Eq. (15). We consider in Eq. (19) only this
universal Dirac sea contribution f¯v = −1 and substitute
it into Eq. (17) and obtain,
Cv =
∫
d4p
π
∂p0
[
1
4Ep
δ′(p0 + Ep)
]
−
∫
d4p
π
∂p ·
[
p
1
4E2p
δ′(p0 + Ep)
]
+
∫
d4p
π
∂p ·
[
p
1
4E3p
δ(p0 + Ep)
]
, (20)
where Ep =
√
p2 +m2 and we use the subscript “v”
to denote the Dirac sea contribution only. It is easy to
verify that the first and second terms vanish by direct
calculation while the last term survives and gives,
Cv =
∫
d3p
2π
∂p ·
(
p
2E3p
)
= 1. (21)
This is just the right coefficient of the chiral anomaly. It
is also obvious that this derivation does not depend on
whether the system is for massive or massless fermions.
At the chiral limitm = 0 and Ep = |p|, hence p/(2E3p) in
the bracket in Eq. (21) is just the usual Berry curvature
Ω = p/(2|p|3) with∇·Ω = 2π, and this exhibits how the
chiral anomaly comes from the Berry curvature. As we
all know, we can carry out the integration above either
directly in the 3-dimensional momentum volume where
the Berry monopole appears and only the infrared mo-
mentum contributes, or in the 2-dimensional momentum
boundary area by using the Gauss theorem in which only
the ultraviolet momentum contributes. This illustrates
how the ultraviolet and infrared regions in momentum
space are connected. However, for the massive particle
there is no infrared singularity or Berry monopole. When
the Dirac sea contribution is included, the boundary con-
ditions of distribution functions at infinity of momentum
space for particle and antiparticle are different and this
will be compatible with the treatment given in [24].
Now we analyze the normal contributions associated
with f± and f¯±. Totally, they give no contribution to the
chiral anomaly because usually the normal distribution
functions f± and f¯± are all supposed to vanish rapidly
at infinity in the phase space so that they lead to no
contribution after the integration in Eq. (17). The details
of calculations are given in the Appendix.
We note that although we relate the chiral anomaly
with the Berry curvature through Eq. (21) at chiral limit,
it is different from the result given in Refs. [4, 7, 9] where
the coefficient of the chiral anomaly is generated from
C = −
∫
d3p
2π
Ω · ∂p(fp + f¯p) (22)
After integrating by parts and using∇·Ω = 2π, we obtain
C = fp=0 + f¯p=0 (23)
Hence it depend on the specific distribution function
at infrared momentum. It is interesting that with the
4Fermi-Dirac distribution,
f± =
1
e(|p|−µ±)/T + 1
, (24)
f¯± =
1
e(|p|+µ±)/T + 1
(25)
the Eq.(23) gives the right coefficient of the chiral
anomaly. In our approach, the similar term to Eq.(22)
indeed exist as well and is included in Cn where the sub-
script “n” indicates that only the normal distribution
function f± and f¯± are involved, see the definition in
Eq. (A2) in Appendix. However they always appear in
the divergence form, see the first term C
(1)
n of Cn given
by Eq. (A3),
C(1)n = −
∫
d3p
4π
∂p ·
[
p
E3p
(fp + f¯p)
]
= −
∫
d3p
4π
p
E3p
· ∂p(fp + f¯p)
−
∫
d3p
4π
(fp + f¯p)∂p ·
(
p
E3p
)
, (26)
where fp and f¯p in our approach are defined by Eq. (A8).
We see that C
(1)
n is divided into two terms and the sum
of them vanishes for fp and f¯p that go to zero at in-
finity of momentum. At chiral limit m = 0 and with
specific Fermi-Dirac distribution, the first term in C
(1)
n
reproduces the result (23) and give the coefficient of the
chiral anomaly. However the second term always cancel
this term and the total contribution must vanish. Hence
in such very special case, one might regard the Berry’s
curvature as the effective source for the chiral anomaly
because the Dirac sea contribution and the second term
in Eq. (26) happens to cancel with each other. However,
such a case is a coincidence since it holds only for the
chiral system with a very specific distribution constraint
fp + f¯p = 1 at the zero momentum point. It does not
hold for massive fermions at all. In general, the Berry’s
curvature contribution to the chiral anomaly is always
cancelled by the second term in Eq. (26) and the real
contribution to the chiral anomaly comes actually from
Dirac sea Cv.
Now let us consider another interesting term — the
last term C
(3)
n in Eq. (A2). At the chiral limit and for the
isotropic distribution function in the momentum space,
we have,
C(3)n =
(
fp0=0 + f¯p0=0
)− (fp0=0 + f¯p0=0) . (27)
Once more, if we choose the Fermi-Dirac distribution,
the first term gives the right coefficient “1” of the chiral
anomaly though it is always cancelled by the second term.
To summarize, we see that for massless Fermion with
special distribution functions fp + f¯p = 1 and fp0=0 +
f¯p0=0 = 1, we can rewrite Eq. (15) as,
∂µx j
5(1)
µ = −
1
8π2
[
C(1)n + C
(3)
n + Cv
]
Fµν F˜µν
= − 1
8π2
[1− 1 + 1− 1 + 1]Fµν F˜µν
= − 1
8π2
Fµν F˜µν . (28)
In our previous work in [12], the first, third and fourth
terms were obtained while the second term and last term
were missing. Some other work kept only third term
corresponding to Berry curvature term.
IV. THE CHIRAL KINETIC EQUATION
In this section, we show that the Dirac sea contribution
modifies the chiral kinetic equation for the antiparticle.
We now first recall how we obtain the chiral kinetic equa-
tion from the Wigner function approach. In the chiral
limit, it is convenient to define the helicity basis,
J µs =
1
2
(V µ + sA µ) , (29)
where s = ± is the chirality. In this chiral limit, the
helicity basis are completely decoupled from each other
and from all the other Wigner functions as well,
pµJµ = 0,
∇µJµ = 0,
2s (pµJν − pνJµ) = −~ǫµνρσ∇ρJ σ, (30)
where we have suppressed the lower index “s” for brevity
and only kept the contribution up to the first order of ~.
As have shown in [12], in the chiral limit, a disentangle-
ment theorem of Wigner function is valid. According this
theorem, only one of the four components of the Wigner
function Jµ is independent, all the other three can be
determined completely from it. This independent Wigner
function satisfies only one Wigner equation and the other
equations are satisfied automatically. Especially we have
the freedom to choose which component as the indepen-
dent one. In general, we can introduce a time-like 4-
vector nµ with normalization n2 = 1 and choose Jn as
the independent Wigner function. For simplicity we as-
sume nµ is a constant vector. With the auxiliary vector
nµ, we can decompose any vectorXµ into the component
parallel to nµ and that perpendicular to nµ,
Xµ = Xnn
µ + X¯µ, (31)
where Xn = n · X and X¯ · n = 0. The electromagnetic
tensor Fµν can be decomposed into,
Fµν = Eµnν − Eνnµ + ǫµνρσnρBσ. (32)
With Jn as the independent Wigner function, we obtain
the other components,
J¯µ = p¯µ
Jn
pn
− s~
2pn
ǫµνρσnν∇σ
(
pρ
Jn
pn
)
, (33)
5by contracting both sides of the last equation in Eq. (30)
with nν . Substituting this relation into the first equation
of Eq. (30), we obtain the general expression,
Jn
pn
= fδ
(
p2
)− s~
pn
B · pfδ′ (p2) . (34)
It follows that,
Jµ ≈
(
gµν +
~s
2pn
ǫµνρσn
ρ∇σ
)
×
[
pνfδ
(
p2 − ~sB · p
pn
)]
. (35)
Inserting this result into the second equation in Eq. (30),
we obtain the covariant chiral kinetic equation up to the
first order of ~ as,
∇µ
{(
gµν +
~s
2pn
ǫµνρσn
ρ∇σ
)
×
[
pνfδ
(
p2 − ~sB · p
pn
)]}
= 0. (36)
Integrating over pn from 0 to +∞ gives rise to the chiral
kinetic equation for particles,
(1 + s~B · Ω)n · ∂xfp¯
+
[
vµ + s~(ˆ¯p · Ω)Bµ + s~ǫµνρσnρEσΩν
]
∂¯xµfp¯
+
(
E˜µ + ǫµναβvνnαBβ + s~E · BΩµ
)
∂¯pµfp¯
+s~E · B (∂¯µpΩµ) fp¯ = 0, (37)
where
fp¯ = f (pn = |p¯|(1 + ~sB · Ω)) , (38)
Ωµ =
p¯µ
2|p¯|3 , |p¯| =
√
−p¯2, ˆ¯pµ = p¯µ|p¯| , (39)
vµ =
(
1 +
s~B · p¯
|p¯|3
)
ˆ¯pµ +
s~Bµ
2|p¯|2 , (40)
E˜µ = Eµ − s~(∂¯µxBλ)Ωλ. (41)
For finite momentum p¯µ, the last term in Eq. (37) van-
ishes due to the Berry’s monopole in momentum space
∂pµΩ
µ = 2πδ3(p¯) and the chiral kinetic equation reduces
to the usual form obtained in [4, 7, 9–12, 14] and so on.
However, once we leave the infrared region where the
last term can be neglected, the place where the chiral
anomaly comes from is also concealed, because this last
term will always cancel the last term in the second line
from below in Eq. (37) after integrating over the momen-
tum.
By integrating over pn from −∞ to 0 and replacing p¯
and s with −p¯ and −s respectively, we obtain the chiral
kinetic equation for antiparticles,
(1− s~B · Ω)n · ∂xf¯ tp¯
+
[
vµ − s~(ˆ¯p · Ω)Bµ − s~ǫµνρσnρEσΩν
]
∂¯xµf¯
t
p¯
−
(
E˜µ + ǫµναβvνn
αBβ − s~E · BΩµ
)
∂¯µp f¯
t
p¯
+s~E · B (∂¯µpΩµ) f¯ tp¯ = 0, (42)
where
f¯ tp¯ = f (pn = −|p¯|(1− ~sB · Ω))|p¯=−p¯, s=−s, (43)
vµ =
[(
1− s~B · p¯|p¯|3
)
ˆ¯pµ − s~B
µ
2|p¯|2
]
. (44)
Here, f¯ tp¯ = f¯p¯ + f¯v denotes the total contribution of the
normal f¯p¯ and the vacuum distribution f¯v. Using the
free quantum Dirac field theory with f¯v = −1, we obtain
the kinetic equation of the normal distribution f¯p¯ as,
(1− s~B · Ω)n · ∂xf¯p¯
+
[
vµ − s~(ˆ¯p · Ω)Bµ − s~ǫµνρσnρEσΩν
]
∂¯xµ f¯p¯
−
(
E˜µ + ǫµναβvνn
αBβ − s~E · BΩµ
)
∂¯µp f¯p¯
+s~E ·B (∂¯µpΩµ) (f¯p¯ − 1) = 0. (45)
It should be noted that it is sufficient to use the re-
sult f¯v = −1 from the free quantum field here in or-
der to describe the chiral anomaly because the chiral
anomaly term with E · B in Eq. (45) always arises at
the first order of ~. The last term in Eq. (45) is differ-
ent from that in Eq. (37) for particle due to the Dirac
sea contribution. There exists an inhomogeneous term
−s~E · B (∂¯µpΩµ) originated from the Dirac sea. As dis-
cussed in the last section, this term will eventually lead to
the chiral anomaly. In the scenario of the Dirac sea, the
difference between the particle and antiparticle is very
natural.
V. SUMMARY
Starting from the quantum transport theory based
on the quantum field theory, we find out that the
Wigner equation holds only for Wigner functions that
are not normal ordered. It turns out that the Dirac
sea or the vacuum contribution originated from the anti-
commutation relation between antiparticle field opera-
tors in un-normal-ordered Wigner function plays a cen-
tral role in generating the right chiral anomaly for both
massive fermions and massless fermions. Correspond-
ingly, the chiral kinetic equation for antiparticles should
include the contribution from the Dirac sea contribution.
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Appendix A: Integral calculation
In this appendix, we give the details on how to calcu-
late the normal contribution from f± and f¯± in Eq. (17).
6Substituting the normal distribution function given by
Eq. (19) into Eq. (17) and using the identities,
δ′
(
p2 −m2)
=
1
4p0Ep
[
δ′ (p0 − Ep) + δ′ (p0 + Ep)
]
=
1
4E3p
[
δ (p0 − Ep) + δ (p0 + Ep)
]
+
1
4E2p
[
δ′ (p0 − Ep)− δ′ (p0 + Ep)
]
, (A1)
we decompose Eq. (17) into the following three parts,
Cn = C
(1)
n + C
(2)
n + C
(3)
n , (A2)
C(1)n = −
∫
d4p
8π
∂p ·
[
p
E3p
(f+ + f−)δ (p0 − Ep)
]
−
∫
d4p
8π
∂p ·
[
p
E3p
(f¯+ + f¯−)δ (p0 + Ep)
]
, (A3)
C(2)n = −
∫
d4p
8π
∂p ·
[
p
E2p
(f+ + f−)δ′ (p0 − Ep)
]
+
∫
d4p
8π
∂p ·
[
p
E2p
(f¯+ + f¯−)δ′ (p0 + Ep)
]
,(A4)
C(3)n = −
∫
d4p
4π
∂p0
[
1
Ep
(f+ + f−)δ′ (p0 − Ep)
]
−
∫
d4p
4π
∂p0
[
1
Ep
(f¯+ + f¯−)δ′ (p0 + Ep)
]
. (A5)
For C
(1)
n and C
(2)
n , we integrate p0 over the delta function
or derivative of delta function and obtain,
C(1)n = −
∫
d3p
4π
∂p ·
[
p
E3p
(fp + f¯p)
]
, (A6)
C(2)n = −
∫
d3p
4π
∂p ·
[
p
E2p
(f ′p + f¯
′
p)
]
, (A7)
where
fp =
1
2
(f+ + f−)
∣∣
p0=Ep
,
f¯p =
1
2
(f¯+ + f¯−)
∣∣
p0=−Ep
,
f ′p = −
1
2
∂p0(f
+ + f−)
∣∣
p0=Ep
,
f¯ ′p =
1
2
∂p0(f¯
+ + f¯−)
∣∣
p0=−Ep
. (A8)
It is obvious that both C
(1)
n and C
(2)
n vanish for the nor-
mal distribution function that approaches zero rapidly at
infinity in momentum space.
For C
(3)
n , it is more convenient to integrate |p| over the
derivative of delta function,
C(3)n = −
∫
dΩdp0
8π
∂2p0
[√
p20 −m2fp0θ(p0 −m)
]
−
∫
dΩdp0
8π
∂2p0
[√
p20 −m2f¯p0θ(−p0 −m)
]
+
∫
dΩdp0
8π
∂p0
[√
p20 −m2f ′p0θ(p0 −m)
]
+
∫
dΩdp0
8π
∂p0
[√
p20 −m2f¯ ′p0θ(−p0 −m)
]
,(A9)
where
fp0 =
1
2
(f+ + f−)
∣∣
|p|=
√
p2
0
−m2
, (A10)
f¯p0 =
1
2
(f¯+ + f¯−)
∣∣
|p|=
√
p2
0
−m2
, (A11)
f ′p0 =
1
2
∂p0(f
+ + f−)
∣∣
|p|=
√
p2
0
−m2
, (A12)
f¯ ′p0 =
1
2
∂p0(f¯
+ + f¯−)
∣∣
|p|=
√
p2
0
−m2
, (A13)
and θ(±p0−m) is step function. It is obvious that the last
two terms vanish because the function in square brackets
vanishes at the boundary points p0 = ±m,±∞. For
the first two terms, when one of the derivative acts on
fp0 or step function, the integral also vanishes. However
when the derivative acts on
√
p20 −m2, the reciprocal of√
p20 −m2 will arise and leads to possible divergence at
boundary point p0 = ±m,
C(3)n = −
∫
dΩdp0
4π
∂p0
[
p0fp0√
p20 −m2
θ(p0 −m)
]
−
∫
dΩdp0
4π
∂p0
[
p0f¯p0√
p20 −m2
θ(−p0 −m)
]
. (A14)
We expand each term above according to whether the
derivative acts on step function or not,
C(3)n = −
∫
dΩ
4π
∫ +∞
m
dp0∂p0
(
p0fp0√
p20 −m2
)
−
∫
dΩdp0
4π
p0fp0√
p20 −m2
δ(p0 −m)
−
∫
dΩ
4π
∫ −m
−∞
dp0∂p0
(
p0f¯p0√
p20 −m2
)
+
∫
dΩdp0
4π
p0f¯p0√
p20 −m2
δ(p0 +m). (A15)
In order to regularize the divergence at p0 = m and p0 =
−m, we set p0 = m + ǫ and p0 = −m − ǫ, respectively.
It follows that
C(3)n =
m+ ǫ√
(2m+ ǫ)ǫ
∫
dΩ
4π
(
fp0=m+ǫ + f¯p0=−m−ǫ
)
− m+ ǫ√
(2m+ ǫ)ǫ
∫
dΩ
4π
(
fp0=m+ǫ + f¯p0=−m−ǫ
)
. (A16)
7We see that each term is divergent at the limit ǫ → 0
when m 6= 0, but every two terms cancel each other and
give null result. It is interesting that for the chiral limit
m = 0 there is no divergence and we obtain,
C(3)n =
∫
dΩ
4π
(
fp0=0 + f¯p0=0
)
−
∫
dΩ
4π
(
fp0=0 + f¯p0=0
)
(A17)
As has been mentioned in Sec. III, the first term hap-
pens to be the right coefficient of the chiral anomaly if
we choose the Fermi-Dirac distribution function given by
Eq. (24).
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